More generally, .4(F) =.4(7*) if T is F-equivalent (equivalent in the Fréchet sense) to 7*, that is, if for every positive number e there exists a homeomorphism Ht(D) =D* such that the distance in Euclidean 3-space between the points T(p) and T*Ht(p) is less than e for every point p in D. Since two F-equivalent representations yield the same Fréchet surface, this is merely a restatement of the fact that the Lebesgue area is independent of the choice of representation for the surface (see 0.1). In the sequel we shall write T~T* (F) to indicate that T and F* are F-equivalent. We shall also speak of the F-invariance of A(T), meaning that T~T*(F) implies A(T) = 4(7*).
0.3. The principal result of this paper is to establish the relation -4(F) =A (F*) in a still more general situation; namely, when T is X-equivalent to F* (in symbols, F~F*(.K)), that is, if F and F* possess simultaneous monotone-light factorizations F = Z,AZahd F* =LM*, where if and ilf* are continu- implies A(T) = A(T*) if T and T* are defined on topological 2-spheres). However, in the 2-cell case a procedure analogous to Youngs' leads to complications.
In a recent paper containing important topological results, T. Radó [5, p. 423 ] stated that A (T) is K-in variant in the 2-cell case, but he gave no proof since it appeared that his topological results would have to be supplemented by extensive analytic results. At Radó's suggestion, the author began a study of the problem and found, ultimately, that a relatively simple observation (see 0.6) reduced the problem to one which could be handled by standard analytic devices. 0.4. By means of the topology developed by Radó [5] , the problem of proving that A(T) is 7£-invariant in the 2-cell case can be reduced to the following special case (see 1 (v = (1 -p*)z>*/p*, 0.6. In attempting to prove .4(7") =.4(7*) for the situation described in 0.4 and 0.5, it was found that the middle-space "M and the monotone-light factorizations of Tand 7* were not needed. In fact the following theorem was established : Thus the net effect of the topology is to reduce the problem of proving the 7£-invariance of A (T) to that of proving the invariance of A (T) under the particular change of parameters given by the inversion I*. 0.7. Chapter 1 of the paper is devoted to the topology required to perform the reduction described in 0.4 and 0. is a point 7T of Jit which is distinct from the point image tt* of the perimeter of D* under Af*. In this situation it is not a restriction to assume that the image of the center of D under M is the point 7r* since some interior point of D has it* as its image under M.
As a first step toward establishing the relation A (2") =A (T*) for this case, let us consider a second continuous monotone map AT* from U* to 9ït which is defined as follows: TU* = Till* on £>* -(0, 0) and 37*(0, 0) =ir, where 7* is the inversion of 0.5. Observe that 7r* is the image of the perimeter of U* under Ä7* as well as under TU*. Hence the transformation T* =IiM* is not only K-equivalent to T*, but, by Case 2a of 1.3, T*~T*(F) and A (T*) =A (T*). Thus in proving A(T) =4(7"*) we may assume that Til* itself is obtained from Til through the inversion 7* (see 0.5). In Chapter 2 we shall prove the theorem of 0.6, which covers this situation as a special case. . When convenient, the vector r=(x, y, z) will be considered as the point (x, y, z) in 3-space.
2.2. Suppose that the surface represented by the continuous transformation T passes close to a fixed point P in 3-space and it is desired to alter the given surface to make it pass through P without changing the area too greatly. It seems natural in this situation to throw two concentric spheres about the point P which intersect the surface and then to shrink the inner sphere and that portion of the surface lying within it down to the point P, at the same time stretching that part of the surface lying between the two spheres toward P and leaving fixed that part lying outside the second sphere. Morrey [2, p. 315] suggested that a linear function of the distance to the point P could be used to determine the amount that a point between the spheres should be moved toward P; however, Radó and Reichelderfer [7, pp. 649-650] pointed out that if the stretching is linear the area of the stretched surface is not close enough to that of the given surface for the application intended. On the other hand, they set up a one-parameter family of functions of the distance to the point P, each of which is a satisfactory "stretching function" for the applications. Presently we shall define and use one of their functions-the one which has the simplest analytic expression but actually is the least favorable from the point of view of changing the area [7, p. 649] .
Let there be given two numbers 0O<7? and a fixed point P in 3-space with coordinates (xu Vi, zi). We shall represent the point P by the vector ct = (xi, yi, 2i). Then for 0^p<+ oo we define a continuous function 2.4. It will be useful to know that the function X(p) of 2.2 satisfies a Lipschitz condition on 0^p< + oo. This follows immediately from the fact that X(p) is continuous on 0^p<+ oo and its derivative X'(p) exists and is bounded on each of the three intervals 0<p<r, r<p<R, 7?<p< + oo. It is easily shown that 0^X'(p)<7?/(7? -r)r forO<p< + °o, py¿r, 7?; hence, for any two points pi, p2 in Ogp<+ oo, we have |X(p2) -X(pO| ^T?|p2-pi| /(7? -r)r. hence f*(w*) is Lipschitzian on the annulus 0<a=|w*| =1. By assumption %(w) = a for 1-a=|w| gl, so f*(w*) = a for | w*| =a. It now follows that r*(w*) is Lipschitzian on Z1*.
2.8. In the sequel we shall consider a vector function %%(w*) which will be obtained from a given continuous vector function %(w), wGD, by first applying the stretching operation Q (see 2.2) to %(w) and then changing parameters by means of the inversion w = r(w*) (see 2.6), in symbols r*(w*) =t*(t(w#)), 0<|w*| =1, where r*(w) = Qr(w). Using the convention adopted in 2.6, we shall speak of the continuous vector function r*(w*) =r*(r(w*)), w*GD#, if %*(w) is constant for \w\ =1. The notations r*, r*, W* will have similar meanings with respect to the vector function t*(w) = fir(w) (see 2.2).
2.11. Lemma. If t(w) is continuous on D, W exists at w0G77°, and r*(w) = fi(r, 7?, o)r(w), then W* exists at w0 (providing | r(w0) -a| y^r, R) and W*iwi)uRWiwo)/iR-r). Proof. A similar lemma has been established by Youngs [8, p. 782] for a continuous vector function r(w) defined on a square rather than a disc. By using a Lipschitzian homeomorphism from the unit disc to the unit square, the reader can easily extend Youngs' lemma to the one stated above.
2.16. Lemma. If%(w) is continuous on D and r(w) = a for \w\ =1, then there exists a sequence of Lipschitzian vector functions t)"(w*), w*GZ>*, such that t)"(w*)-->r*(w*) =ï(t(w*)) (see 2.6) uniformly on D* and lim sup A(t)") ¿A(%).
Proof. By 2.15 there exists a sequence of Lipschitzian vector functions l"(w) such that \%(w)-rn(w)\ <l/«2for wED and^4(r")->A(r). Let£"be the denumerable set E(rn, a) of 2.12. Choose r", 7?"G72n such that | r(w) -rn(w)\ <r"<l/n2
for w£-D and l/(n + l) <T?"<l/n. Let r"*(w) = fi"r"(w;), where fi" = fi(r", Rn, a). We assert that the sequence of Lipschitzian vector functions (see 2.8, 2.9) t)"(w*) =£*.(«>*) =rJ(T(w*)), w*GI>*, satisfies the requirements of the lemma.
Since r(w) = a for \w\ =1 and | r(w) -rn(w) | <rn for a»GZ), it follows that %*(w) = a for \w\ =1 (see 2.3). Hence l)"(0) = a = r*(0) for every n (see 2.6, 2.8). For w>* 7¿0, it follows from 2. On the other hand, by 2.14, A(tj") =^4(r"*), so the proof is complete. Remark. The functions i)"(w*) were obtained by applying the stretching process to the functions i"(w) on D and then using the inversion w = t(w*). It may be of interest to note that a sequence of vector functions satisfying the conditions of the above lemma can be acquired by first using the inversion to obtain a sequence of functions J"*(w*) =r"(r(w*)) (all of which may be discontinuous at u>* = 0) and then applying the stretching process to the functions r"*(w*) on 17*. As a matter of fact, the lemma was first established in this way.
2.17. We are now ready to prove the theorem of 0.6. Using the vector notation of this chapter, the theorem may be stated as follows :
Theorem.
If r(w) is continuous on D and %iw) = a for \w\ =1, then 4(ï)=4(f*), where r*(w*) is the continuous vector function j(t(w*)), w*ED* (see 2.6).
Proof. Clearly the theorem will be established if we can show that the assumption A (j) < + oo implies A (r*) ^4 (r) and the assumption A (r*) < + oo implies A (r) <iA (r*).
Assume then that .4(r)<+oo. By 2.16 there exists a sequence of Lipschitzian vector functions t)"(w*), w*ED*, converging uniformly to r*(w*) on D* and such that lim sup 4(t}") =yl(r). Since l)"(tt>*)->r*(w*) uniformly on 7)*, it follows from the lower semi-continuity of the Lebesgue area that 4(r*)^lim ini Ai\)"). Hence A (r*) ^ lim inf A (t)n) ^ lim sup 4(l)") =^l(r).
for the problem of proving that a(T) is K-invariant in the 2-cell case. We shall complete the proof by establishing the following theorem (see 0.6) :
If the image of the perimeter of D under T (see 3.1) is a single point P in 3-space and T* = TI* on D* -(0, 0) (see 0.5), F*(0, 0)=P, then a(T)=a(T*).
3.4. The theorem stated in 3.3 is a direct corollary of a useful lemma which we shall quote presently.
First let E be any closed set in D° and let d, D2, • • • be any finite or infinite system of disjoint domains in D° -E. 
